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Abstract. In this paper we consider representations of algebraic
integers of a number field as linear combinations of units with coef-
ficients coming from a fixed small set, and as sums of elements hav-
ing small norms in absolute value. These theorems can be viewed
as results concerning a generalization of the so-called unit sum
number problem, as well. Beside these, extending previous related
results we give an upper bound for the length of arithmetic pro-
gressions of t-term sums of algebraic integers having small norms
in absolute value.

1. Introduction

Let K be an algebraic number field with ring of integers OK . The
problem of representing elements of OK as sums of units has a long
history and a very broad literature. Instead of trying to make an
account of the various results and research directions, we only refer
to the excellent survey paper of Barroero, Frei and Tichy [2] and the
references there. Now we mention only those results which are most
important from our viewpoint.

After several partial results due to Ashrafi and Vámos [1] and others,
Jarden and Narkiewicz [10] proved that for any number field K and
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positive integer t, one can find an algebraic integer α ∈ K which cannot
be represented as a sum of at most t units of K1.

Observe that if K admits an integral basis consisting of units then
clearly every integer of K can be represented as a sum of units. For
results in this direction we refer to a paper of Pethő and Ziegler [17].
Showing that (up to certain precisely described exceptions) every num-
ber field admits a basis consisting of units with small conjugates, we
prove that allowing a small, completely explicit set of (rational) coef-
ficients every integer of K can be expressed as a linear combination of
units. We would like to emphasize the interesting property that the set
of coefficients allowed depends only on the degree and the regulator of
K and that the latter dependence is made explicit.

Further, it is also well-known (see e.g. [2] again) that there are
infinitely many number fields whose rings of integers are not generated
additively by their units. In other words, in these fields one can find
algebraic integers α which cannot be represented as a sum of (finitely
many) units at all.

In this paper we extend this investigations to the case where one
would like to represent the algebraic integers of K not as a sum of
units, but as a sum of algebraic integers of small norm, i.e. using
algebraic integers with |N(β)| ≤ m for some positive integer m. (For
precise notions and notation see the next section.) Obviously, taking
m = 1 we just get back the original question. First we prove that the
above mentioned result of Jarden and Narkiewicz extends to this case:
for any algebraic number field K and positive integers m and t one
can find an algebraic integer α ∈ K which cannot be obtained as a
sum of at most t integers of K of norm ≤ m in absolute value. Then
we show that in contrast with the original case, one can give a bound
m0 depending only on the discriminant and degree of K, such that if
m ≥ m0 then already every integer of K can be represented as a sum
of integers of K with norm at most m in absolute value. Note that
as it is well-known, any number field K contains only finitely many
pairwise non-associated algebraic integers of given norm. Hence sums
of elements of small norm can be considered as linear combinations of
units with coefficients coming from a fixed finite set.

Finally, we also provide a result concerning arithmetic progressions
of t-term sums of algebraic integers of small norm in a number field
K. This result generalizes previous theorems of Newman (concerning

1Here and in the sequel under a unit of K we mean a unit in OK .



INTEGERS AS COMBINATIONS OF UNITS 3

arithmetic progressions of units; see [14] and [15]) and of Bérczes, Haj-
du and Pethő (concerning arithmetic progressions of elements of fixed
norm; cf. [3]).

The organization of the paper is as follows. In the next section we
give our main results, together with the necessary notation, and also
with some further details. The third section contains the proofs of
Proposition 2.1 and of Theorem 2.1, which we consider the principal
results of this note. The last section is dealing with the proofs of the
other statements.

2. Main results

From this point on, let K be an algebraic number field of degree k,
with discriminant D(K) and regulator R(K). Write OK for the ring
of integers of K, N(β) for the field norm of any β ∈ K and UK for the
group of units in OK .

The unit sum number problem can be considered as a question about
linear combinations of units with rational integers. We know that the
resulting set is sometimes a proper subset with infinite complementer of
OK . However if we allow that the coefficients have small denominators,
then the situation becomes completely different.

At this point let us recall that the field K is called a CM-field, if it is
a totally imaginary quadratic extension of a totally real number field.

Theorem 2.1. Suppose that either K is not a CM-field, or K is a CM-
field containing a root of unity different from ±1. Then there exists a
positive integer ` = ec1(k)R(K) where c1(k) is a constant depending only
on the degree of K, such that any α ∈ OK can be obtained as a linear
combination of units of K with coefficients {1, 1/2, 1/3, . . . , 1/`}.
Remark 2.1. The condition that K is not a CM-field or K contains
a non-real root of unity is necessary. Indeed, otherwise all units of K
are contained in some proper subfield of K, and the statement trivially
fails.

Denote by σi (i = 1, . . . , k) the embeddings of K into C and for

α ∈ K put |α| = max1≤i≤k(|σi(α)|). Although the next statement
does not fit completely in the main line of this paper, we present it
among the main results because it is vital for the proof of Theorem
2.1. Moreover, we think that it is interesting also on its own.

Proposition 2.1. Suppose that either K is not a CM-field, or K is a
CM-field containing a root of unity different from ±1. Then there exists
a constant c2 = c2(k) depending only on the degree of K, such that K

has a basis consisting of units εi with |εi| ≤ ec2(k)R(K), (i = 1, . . . , k).



4 D. DOMBEK, L. HAJDU AND A. PETHŐ

Now we present our results, where the summands belong to a set of
integers of small norm inK. As a motivation, we mention that Newman
proved that the length of arithmetic progressions consisting of units of
K is at most k (see [14] and [15]). This result has been generalized by
Bérczes, Hajdu and Pethő in [3] to arithmetic progressions in the set

Nm := {β ∈ OK : N(β) = m},
where m > 0. Now we present a result concerning a further general-
ization of this problem. For m > 0 put

N ∗m := {β ∈ OK : |N(β)| ≤ m},
and write

t×N ∗m := {β1 + · · ·+ βt : βi ∈ N ∗m (i = 1, . . . , t)}
where t is a positive integer.

Our first theorem gives a bound for the lengths of arithmetic pro-
gressions in the sets t×N ∗m.

Theorem 2.2. The length of any non-constant arithmetic progression
in t×N ∗m is at most c3(m, t, k,D(K)), where c3(m, t, k,D(K)) is an ex-
plicitly computable constant depending only on m, t, and on the degree
k and discriminant D(K) of K.

Now we present results concerning the above generalization of the
unit sum number problem. Slightly modifying the notation of Gold-
smith, Pabst and Scott [6] we define the unit sum number u(OK) as
the minimal integer t such that every element of OK is a sum of at
most t units from UK , if such an integer exists. If it does not, we put
u(OK) = ω if every element of OK is a sum of units, and u(OK) = ∞
otherwise. We use the convention t < ω <∞ for all integers t.

As we have mentioned already, Jarden and Narkiewicz [10] proved
that u(OK) ≥ ω for any number field K. Our next result yields an
extension of this nice theorem. To formulate it, we define the m-norm
sum number um(OK) as an analogue to u(OK) with the exception that
instead of sums of units we consider sums of elements fromN ∗m. Clearly,
u(OK) = u1(OK) holds.

Theorem 2.3. For every number field K and m > 0 we have um(OK) ≥
ω, i.e. for every m, t ∈ N there exists an α ∈ OK which cannot be ob-
tained as the sum of at most t terms from N ∗m.

As it is well-known (see e.g. [2] and the references given there), for
infinitely many number fields K we have u(OK) = ∞. In contrast to
this result, our next theorem shows that um(OK) = ω is always valid
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if m is “large enough” with respect to the discriminant and the degree
of K. More precisely, we have the following theorem.

Theorem 2.4. For every number field K there exists a positive integer
m0 = m0(D(K), k) depending only on the discriminant and the degree
of K, such that for any m ≥ m0 we have um(OK) = ω, i.e. any α ∈ OK

can be obtained as the sum of elements from N ∗m.

Observe that sums of elements of N ∗m can be also viewed as linear
combinations of units with coefficients coming from a fixed finite set
(see also the proofs of Theorems 2.3 and 2.4).

3. Proofs of Proposition 2.1 and of Theorem 2.1

In the proof of Proposition 2.1 we shall need the following lemmas.
The first one is due to Bugeaud and Győry [4].

Lemma 3.1. Let K be as earlier, with unit rank s. Then K has a
fundamental system of units ε1, . . . , εs such that
(i) max

1≤i≤s
|εi| ≤ ec4(k)R(K),

(ii) max
1≤i≤s, 1≤j≤k

| log |σj(εi)|| ≤ c5(k)R(K),

with some explicitly computable constants c4(k) and c5(k), depending
only on k.

Proof. Part (i) is a simple and straightforward consequence of Lemma
1 (ii) of [4], while part (ii) follows from (i) in the standard way, using
|σ1(εi)| . . . |σk(εi)| = 1 for i = 1, . . . , s. �

The next lemma is an immediate consequence of the main theorem
of Costa and Friedman [5].

Lemma 3.2. For every positive integer k there exists a positive con-
stant c6 = c6(k) depending only on k, such that for every number field
K of degree k and for every subfield L of K we have

R(L) ≤ c6(k)R(K) ,

where R(L) and R(K) denote the regulators of L and K, respectively.

Proof. If |D(K)| > 3kk, then the statement directly follows from the
main theorem in [5].

Now assume that |D(K)| ≤ 3kk. Since there are only finitely many
number fields of discriminant bounded by a fixed constant in absolute
value (see e.g. Hasse [9], p. 619), the constant c6(k) can be effectively
calculated as the maximum of the ratios R(L)/R(K), where K runs
through the finite list of fields of degree k with |D(K)| ≤ 3kk and L
runs through all proper subfields of K. �
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Proof of Proposition 2.1. We prove the statement by induction on k.
The statement is empty for k = 1, while it is obvious for k = 2. Let ε0

be a root of unity and ε1, . . . , εs be a fundamental system of units for
K having property (i) in Lemma 3.1. If K has no proper subfield, then
we have K = Q(ε1), and our claim follows. So we may assume that
K has proper subfields. Let L′ be a proper subfield of K of maximal
degree.

At first, assume that either L′ is not a CM-field or it contains a root
of unity different from ±1. Note that 2`′ ≤ k, where `′ is the degree
of L′. We show that εi /∈ L′ holds for some index i ∈ {0, 1, . . . , s}.
Suppose that εi ∈ L′ for all i = 1, . . . , s. Writing s′ for the unit rank of
L′, then s = s′ should be valid. Observe that s′ ≤ `′ − 1 with equality
if and only if L′ is totally real, and s ≥ k/2 − 1 with equality if and
only if K is totally complex. Hence for s = s′ we must have k = 2`′,
and it also follows that K is totally complex and L′ is totally real. But
K is then a CM-field, which by our assumptions implies that ε0 /∈ L′.

By induction, L′ has a basis consisting of units {η1, . . . , η`′}, with

|ηl| ≤ ec4(`′)R(L′). Take an index i ∈ {0, 1, . . . , s} with εi /∈ L′. Since L′

is a subfield of K of maximal degree, we have K = L′(εi). Hence there
is a basis of K of the form

{
ηlε

j
i : l ∈ {1, . . . , `′

}
, j ∈ {0, . . . , k/`′ − 1

}}
.

Since |εi| ≤ ec4(k)R(K), and according to Lemma 3.2 we have R(L′) ≤
c6(k)R(K) for some positive constant c6(k), we have

∣∣ηlεji
∣∣ ≤ ec7(k)R(K) (l = 1, . . . `′, j = 1, . . . k/`′ − 1),

with some constant c7(k) depending only on k, and the statement fol-
lows in this case.

Now assume that the proper subfield L′ ⊂ K of maximal degree is
a CM-field with no non-real roots of unity. Let L′′ be its maximal real
subfield. Then the units of L′′ and the units of L′ coincide. If there
is any non-CM proper subfield L of K containing L′′, then this L is
of maximal degree, and we can find an appropriate εi (i = 0, 1, . . . , s)
such that K = L(εi) and the statement follows, just as in the previous
case.

Otherwise, by 4 deg(L′′) ≤ deg(K) there exists an εi /∈ L′′ (i =
1, . . . , s). Further, since now L′′ is contained only in CM-subfields of
K, we have K = L′′(εi). Thus we can use the same induction argument
as before, since L′′ is not a CM-field, and the theorem follows. �
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Proof of Theorem 2.1. It is clearly sufficient to show that the index
of the additive group generated by the units of K inside OK can be
bounded in terms of R(K) and k.

By Proposition 2.1 there exists a constant c2(k) such that we can

find a basis ε1, . . . , εk of K consisting of units with the property |εi| ≤
ec2(k)R(k) (i = 1, . . . , k). Further, we also have

D(ε1, . . . , εk) = I2D(K)

(see e.g. [16], p. 58), where I is the index of the additive group
Z[ε1, . . . , εk] inside the additive group of OK , and

D(ε1, . . . , εk) =

∣∣∣∣∣∣

σ1(ε1) . . . σ1(εk)
...

. . .
...

σk(ε1) . . . σk(εk)

∣∣∣∣∣∣

2

.

Hence, as D(K) is a rational integer, by part (i) of Lemma 3.1 we
obtain

I ≤
√
|D(ε1, . . . , εk)| ≤ k!

(
max
1≤i≤k

|εi|
)k
≤ ec8(k)R(K)

with some constant c8(k) depending only on k. Since Z[ε1, . . . , εk] is
a subgroup of the additive group generated by the units of K, the
theorem follows. �

Remark 3.1. Note that by a result of Sprindžuk [18] there are only
finitely many number fields of given degree having regulator smaller
than a prescribed bound. From this one could prove an implicit variant
of Theorem 2.1, without specifying the dependence upon R(K).

4. Proofs of the other theorems

In the proof of Theorem 2.2, beside Lemmas 3.1 and 3.2 we shall use
the following lemmas. The first one is an immediate consequence of a
result of Murty and Van Order [13].

Lemma 4.1. Let K be an algebraic number field of degree k and m > 1
be an integer. Then there are at most c9(k,D(K))m pairwise non-
associated elements α ∈ OK with |N(α)| ≤ m, where c9(k,D(K)) is an
explicitly computable constant depending only on k and D(K).

Proof. In view of part (ii) of Lemma 3.1 and a result of Landau [11]
implying that |D(K)| ≥ c6(k)R(K) where c6(k) is a constant depending
only on k, the statement is a simple corollary of Theorem 5 of [13]. �
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To formulate our second lemma we need some further notation. If
K is an algebraic number field, write K∗ for the multiplicative group
of the nonzero elements of K and let Γ be a multiplicative subgroup of
K∗ of finite rank r > 0. Let t be a positive integer and let A ⊂ Kt be
a finite nonempty set with n elements. Put

Ht(Γ,A) =
{ t∑

i=1

aixi : (a1, . . . , at) ∈ A, (x1, . . . , xt) ∈ Γt
}
.

The next result is Theorem 1.1 of Hajdu and Luca in [8]. For the
first (non-explicit) result of this type see also [7]. Further, note that
Jarden and Narkiewicz [10] proved a similar (but also not explicit)
result, concerning the special case where the coefficients ai can take
the values −1, 0, 1 only.

Lemma 4.2. The length of any non-constant arithmetic progression
in Ht(Γ,A) is bounded by a constant L = L(n, t, r) with

L(n, t, r) < exp
(
(8(n+ t+ r))8(n+t+r)4)

.

Proof of Theorem 2.2. Let s be the unit rank of K. Note that s ≤ k−1.
It is well-known by the famous result of Dirichlet that the group of units
in OK is of the form

UK = {ηj00 η
j1
1 · · · ηjss : ji ∈ Z (i = 0, 1, . . . , s)},

where η1, . . . , ηs is a system of fundamental units of K and η0 is a root
of unity in K. Denote by M(m) a full set of pairwise non-associated
algebraic integers in K with norm bounded by m in absolute value.
Then Lemma 4.1 implies |M(m)| ≤ c9(k,D(K))m. Putting all this
together, we see that

t×N ∗m = Ht(Γ,A) ,

where Γ = UK is of rank r = s+ 1 ≤ k and

(1) A = {(γ1, . . . , γt) : γi ∈M(m) (i = 1, . . . , t)}
has cardinality n ≤ (c9(k,D(K))m)t. Hence by Lemma 4.2 the theorem
follows. �
Proof of Theorem 2.3. We follow a similar path as in the proof of The-
orem 2.2. Since N ∗m = H1(Γ,A) with Γ = UK and A as in (1) above,
we can easily see that the set of numbers being the sum of at most t
elements of N ∗m coincides with the set Ht(UK ,M(m)).

Now suppose that for fixed m, t we can write any α ∈ OK as the
sum of at most t elements from N ∗m. Then because OK is a ring, we
can construct an arithmetic progression in Ht(Γ,A) of arbitrary length
and this contradicts Lemma 4.2. �
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Remark 4.1. Note that based upon the main result of [10] a similar,
alternative proof of Theorem 2.3 could also be given.

Proof of Theorem 2.4. Any ring of integers OK possesses an integral
basis α1, . . . , αk, i.e. OK = α1Z + . . . + αkZ. By a result Mahler [12]
(Corollary on p. 436), there exists an integral basis satisfying |N(αi)| ≤
(kk/2

√
D(K))k (i = 1, . . . , k). If we choose m0 = m0(D(K), k) =

(kk/2
√
D(K))k, then for any m ≥ m0, the integral basis of OK belongs

to the set N ∗m and the statement follows. �
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